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Abstract 

We consider a twisted quantum wave guide i.e. a domain of the form £lg := 
tquj x R where a; is a connected open and bounded subset of R 2 and rg = rg(x 3 ) 
is a rotation by the angle 9(xs) depending on the longitudinal variable x$. We 
are interested in the spectral analysis of the Dirichlet Laplacian H acting in Qg. 
We suppose that the derivative 9 of the rotation angle can be written as 0{x^) = 
j3 — e(x 3 ) with a positive constant j3 and £(£3) ~ L\x 3 \~ a , \x 3 \ — ► oo. We show 
that if L > and a S (0, 2), or if L > Lq > and a = 2, then there is an infinite 
sequence of discrete eigenvalues lying below the infimum of the essential spectrum 
of H, and obtain the main asymptotic term of this sequence. 
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1 Introduction 

In this paper we deal with the spectrum of the Dirichlet Laplacian in the twisted waveg- 
uide Qg := rguo x M where w is a connected open and bounded subset of K 2 with 
sufficiently regular boundary, and r e = rg(x 3 ) is a rotation by the angle 9(x 3 ) depending 
on the longitudinal variable x$. 

If the twisting of Qg is only local, then it does not affect the essential spectrum of the 
Dirichlet Laplacian. However, it does stabilise the discrete spectrum against possible 
negative perturbations. Namely, it has been found out recently that, provided uj is not 
rotationally symmetric, the local twisting of Q can be interpreted as a kind of a repulsive 
perturbation, see jTOj [13]. This has several consequences such as the absence of weakly 
coupled bound states of Schrodinger operators in twisted waveguides, see [13], [21]. 

From this point of view the effect of a local twisting of a three-dimensional waveguide 
is similar to the effect of a local magnetic field in a two-dimensional waveguide, [T2] . 
Moreover, if the twisting is not local but constant, then it even increases the infimum 
of the essential spectrum of the Dirichlet Laplacian, see [H]. This is again reminiscent 
of the situation in two-dimensional strips with constant magnetic field, see [TTl [To] . On 
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the other hand, any local decrease of a constant twisting will induce at least one bound 
state of the corresponding Dirichlet Laplacian, see [H]. 

In the present paper we study in more detail the properties of these bound states 
induced by twisting. It is well known that the Schrodinger operator with a slowly 
decaying potential possesses infinitely many bound states, and that the asymptotic 
distribution of these bound states depends on the behaviour of the potential at infinity, 
see e.g. [221 121] ■ Our aim is to obtain analogous asymptotic results for the bound states 
which are not induced by an external potential, but by the twisting of the waveguide. 

We start with the analysis of the unperturbed operator, which corresponds to a con- 
stant twisting. This operator is translationally invariant in the longitudinal direction and 
therefore allows a fiber decomposition with fiber operators which have purely discrete 
spectrum, see Subsection 12.21 As in the model with constant magnetic field, [III [15], we 
first analyze the structure of the corresponding band functions. In particular, we prove 
the existence of an effective mass at the bottom of the spectrum of the unperturbed 
operator, see Theorem 13.11 Then we show that if the constant twisting is perturbed by 
the function e = s(xs) which decays slowly enough at infinity, then the resulting opera- 
tor has infinitely many discrete bound states accumulating from below at the infimum 
of the essential spectrum. Finally, we employ the approach of [23] in order to study 
the rate of accumulation of these bound states. Roughly speaking, our main result, 
Theorem 14.41 says that the rate of accumulation is determined by the rate of decay of e 
at infinity, and by the geometry of the cross-section u. 



2 The Dirichlet Laplacian 

2.1 The general case 

Let w be a bounded domain in R 2 with C 2 -boundary. Furthermore, we suppose that uj 
contains the origin of R 2 . Set Q = u x R. For x = (x\, X2, X3) G £1 we write x = (xt, X3) 
with x t = (xi, x 2 ). Assume that 9 G C 1 (R) and its derivative is bounded on R. Define 
the twisted domain 

^ = {r e (x 3 )(x), xGSl} 

where 

(cos9(x 3 ) sm9(x 3 ) 
-sm9(x 3 ) cos9(x 3 ) 


We consider the Dirichlet Laplacian — A D in L 2 (Qg), i.e. the self-adjoint operator gen- 
erated in L 2 (Qg) by the closed quadratic form 

Qe[f]= f |V/(x)| 2 rfx, /GD(Q,) = Hj(n fl ). 
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Here Hq(J7(j) denotes, as usual, the closure of C£°(Qg) in the topology of the standard 
first-order Sobolev space H^f^). Introduce the transform 

(W/)(x)=/(r e (x 3 )(x)), xGfi, /eL 2 ((l 9 ). 

It is easy to see that U is a unitary operator from L 2 (f2e) onto L 2 (Q). Note also that 
W(Hj(fi fl )) = Hj(fi). Set 

V t := (£>i, <9 2 ) r , A t := 9? + dl d v := x 1( 9 2 - x 2 d 1 . 

Denote by 9 the derivative of 9. Define the operator H e - as the self-adjoint operator 
generated in L 2 (Q) by the closed quadratic form 

Qelf] ■= QepT 1 /} = [ (\VJ\ 2 +\0(x3)dJ+d 3 f\ 2 ) dx, / G Hj(fi) =: D{Hl /2 ). (2.1) 

Evidently, ifg = U{— A D )IA~ 1 . By a straightforward computation we find out that Hq 
acts on its domain as 

H e = -A t -(9(x 3 )d v + d 3 ) 2 . (2.2) 

Moreover, since uj is a bounded domain, and we impose Dirichlet boundary conditions, 
the operator H e - is strictly positive, and hence boundedly invertible in L 2 (f2). 

Remark 2.1. If u is a disk centered at the origin, then Qg = Q for any twisting 9, 
and the operator H e - is unitarily equivalent to H . Note that H has purely absolutely 
continuous spectrum (see e.g. (12.41) below). 

2.2 Constant twisting 

In this subsection we assume that the twisting is constant, i.e. there exists (3 G K such 
that #(0:3) = (3 for every x 3 G R. 

Let be the partial Fourier transform with respect to x 3 , i.e. 

(.Fii)(a; t ,j?) := -= / e~ jp * 3 u(a;t, £3)^3, (a; t ,p) GwxK. 

V27T 

Due to the translational invariance in the ^-direction, the operator Hp := FHpT* 
admits a direct integral decomposition 

Hp'= I h pip) dp, 
Jr 

where 

hp{p) := -A t - ((3d v + ip) 2 , pGM, (2.3) 
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is the self-adjoint operator generated in L 2 (u;) by the closed quadratic form 



Q P [u] = q P A u ] '■= / (|Vtu(a: t )| 2 + \(ipd v -p) u(x t )\ 2 )dx t , u G HJ(cj). 

Evidently, for each p G M the quadratic form g p induces an equivalent norm on Hq(cj). 
Moreover, since the quadratic form Rei j d^uudxt, u G Hj(u;), is relatively bounded 
with respect to the quadratic form (fo^M with zero relative bound, we find that hp(p), 
p G C, is a Kato analytic family of type B (see [18] or [2U Theorem XII. 10]). 
Further, since u is a bounded domain with C 2 -boundary, the domain of the operator 
hp(p) is H 2 (u;) n Hq(u;) for each p G R (see e.g. [2]). 

Next, by the compactness of the embedding Hq(cj) c — ► L 2 (u;), the spectrum of the op- 
erator hp{p) is purely discrete. Let {Ej{p)}°° =l = {Ej(p, P)}™ =1 be the non-decreasing 
sequence of the eigenvalues of hp(p), pel. Since hp{p) is a Kato analytic family, the 
functions t9pn Ej(p) G (0, oo), j G N, are continuous piece- wise analytic functions 
(see e.g. [24"1 Theorem XII. 12]). The mini- max principle easily yields 

Ejip) =p 2 (l + o(l)), p-+±oo. 

Therefore, the general theory of analytically fibred operators (see e.g. [2U Section 
XIII. 16]) implies that the spectrum of the operator Hp is purely absolutely continuous. 
In summary, we have 

<r(Hf>) = a^Hp) = U jm Ej(R) = [S, oo), (2.4) 

with 

£ = £(P):=minE 1 (p,P). (2.5) 



Furthermore, for p G R introduce a family {^j{xt\p)}^ =1 of eigenfunctions of the oper- 
ator h(p) which satisfy 

(h(p)ipj)(x t ;p) = Ej(p)if>j(x t ;p), x t G u, (2.6) 

and form an orthonormal basis in L 2 (cj). By the embedding H 2 (u;) C l (ZJ) with 
/ G [0, 1), we have i/jj(-;p) G C z (uJ), j G N; in particular, the eigenfunctions ipj{-]p) are 
continuous and bounded on ZD. Moreover, since the operator hp(p) is strongly elliptic 
with coefficients in C°°(u), we have ipj(-;p) G C°°(u), j G N (see e.g. [2], p4]). 

Next, note that ^(0) is a strongly elliptic operator with real coefficients. Therefore, 
Ei(0,P) is a simple eigenvalue of hp(0). Hence, we can choose ipi(-;0) to be real and 
positive in uj (see e.g. [T6l Theorem 8.38]). Moreover, there exists 5 > such that 
the eigenvalue Ei(p) is simple for p G [—5, 5], and therefore the mapping [—5, 5] 3 p i— » 
£a(p) G (0, oo) is analytic. Similarly, V'i(sp) could be chosen so that the mapping 
[—5,5] 3 p I— > 4>i(-;p) G H 2 (u;) is analytic. 

At the end of this section, we establish for further references a criterion which guar- 
antees that a; is a disk centered at the origin. 
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Proposition 2.2. Let w C M 2 a bounded domain with C 2 -boundary dto. Assume that 
uj contains the origin. Then uj is a disk centered at the origin if and only if 

||^i(-;0)|| L>) = 0. (2.7) 

Proof. For brevity set ip(x t ) = ipi(x t ]Q), x t G uj. Note that (12. 7p implies d^ip = 
identically in uj since ip G C°°{uj). 

(i) Assume that (12. 7p holds true. Since is radial, it satisfies the equation 

(A t + £)V = (2.8) 

in uj (see (12. 3p ). Pick e > such that the open disk B e := {x t G M 2 \ \x t \ < e} is 
contained in uj. Since ip is radial, regular, and satisfies (I2.8P in B t we find that 

i/>(x t ) = 4>(x t ), x t G B £ , (2.9) 

with ip(x t ) = cJo(£" 1//2 |xt|), x t G M 2 , where Jo is the zeroth-order Bessel function (see 
e.g. [TJ Section 9.1]), and c ^ 0; if c = 0, then the unique continuation principle (see 
e.g. [H]) would imply that tp = identically in uj which contradicts the fact that if) is 
an eigenfunction. Note that 

(A t + £)ip = (2.10) 

in M. 2 . Comparing (12. 8p with (12.101) . and bearing in mind the unique continuation 
principle, we find that (I2.9P holds for all x t G uj. 

Let now {C a } be the set of the connected components of duj. Fix a and introduce the 
function g a by C a 3 x t i— > Q a (x t ) := \x t \ G (0, oo). Set X a := g a (C a ). Since C a is 
connected, and g a is continuous, T a should be connected too, i.e. X a is a one-point set, 
or a bounded interval of positive length. Due to the Dirichlet boundary conditions, we 
have i/}(xt) = for all x t G C a , i.e. Jo(^ 1 ^ 2 r) = for all r G X a . Since Jo has at most a 
finite number of zeros on any bounded interval, all X a are one-point sets, i.e. all C a are 
arcs of circles centered at the origin. Since duj G C 2 , all C a are circles. Since that uj is 
connected and contains the origin, it is a disk centered at the origin. 

(ii) Assume now that uj is a disk of radius R G (0, oo), centered at the origin. Passing 
to polar coordinates (r, <p), and writing 

u(rcos(p,r siny?) = — h= V] e 4m</, M m (r), it G -D(/ia(0)), 

V 27T 



we find that hp{Q) is unitarily equivalent to © me z^m, where 7i m , m G Z, is the operator 
generated in L 2 ((0, i?); rcir) by the closure of the quadratic form 

R {\u' m (r)\ 2 + m 2 (r~ 2 + (3 2 )\u m {r)\ 2 ) rdr, u m G C °°(0, R). 

The spectra of all the operators TC m are discrete. Since £ = inf mgZ inf a(H m ), and 
> 7~(-o for all m G Z, we find that £ coincides with the first eigenvalue of H.Q, which 
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is simple. Let ip be the real-valued eigenfunction of Ho which satisfies Hoip = Si/j and 
Jo 4'( r ) 2r d r — 1- Since £ is a simple eigenvalue of hp(0), it is not an eigenvalue of any 
7i m with m^O. Therefore, ip(x t ) = ip(\x t \), x t G u, i.e. ip is radial. □ 



3 Existence of an Effective Mass at the Origin 

In this section assume that 6 is equal to the constant (3 G E, and investigate the 
properties of the first band function Ei(p), p G R. We show that -E'i(O) attains its 
minimum value £ at p = and only at p = 0, and the minimum is non-degenerate, i.e. 
£^'(0) > 0. In this case, following a terminology established in the solid-state physics 
(see e.g. [IS]), we say that there exists an effective mass at the origin. The existence of 
an effective mass at the bottom of the absolutely continuous spectrum is an important 
problem in the spectral analysis of many operators of the mathematical physics (see e.g. 

US EM II). 

define 



For (3 G R define 



where 

C w := smv(x\ + x 2 2 ). (3.2) 

Xt&UJ 

Theorem 3.1. Let /3 G R. Then 

E 1 (0,P) + (l-e u (P))p 2 < E 1 (p,P) <E 1 (0,P)+p 2 , pER. (3.3) 
To prove the Theorem 13.11 we need the following technical result: 
Lemma 3.2. For allp,j3 G R we have 





2 + l 


i/3d v u — pu\ 2 )dx t 




\u 


2 dx t 



where ipi = ip\(-] 0). 

Proof. The starting point of the proof is the mini-max principle 



E l {p,(3)= inf J " v ' ' ',' J, -. (3.5) 

Change the functional variable w = ^iit. Note that ipi C™(u) = C^°(lj). Integrating 
by parts, and bearing in mind that the function 0) is real-valued, we easily get 



/ (\V t v\ 2 + \if3dpV -pv\ 2 )dx t 

J Ul 
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rt{\V t u\' 2 + \if3d v u-pu\ 2 )dx t + / ^i(-A^i - f3 2 d 2 1 ^ 1 )\u\ 2 dx t . (3.6) 
Taking into account the eigenvalue equation 



we find that and (EH imply Kl . □ 

Proof of Theorem \3.1\ We first prove the lower bound. For (3 — it follows from the 
Lemma 13.21 and 



^i(|V*u| 2 +p 2 |w| 2 )rfx 4 >p 2 / ^M 2 dx t , m g C™{u). 

• J UJ 

Let us now consider the case f3 ^ 0. Pick 77 G (0, 1). Then we have 

ipl{\V t u\ 2 + \iPd v u - pu\ 2 )dx t > 



ipKlVtu] 2 + (1 + f3 2 (l - rr 1 ))!^! 2 + (1 - r])p 2 \u\ 2 )dx t > 
(1 + (3 2 (1 - r l )Cu>) [ rt\S7 t u\ 2 dx t + (1 - r,)p 2 f ^l\u\ 2 dx u u G C °», (3.7) 



the constant being defined in (13.21) . Choose 77 = e w G (0, 1), the constant e w being 
defined in ( 13. ip . Then (13.71) implies 



ipl(\V t u\ + - pu\ )dx t > (1 - ej)p / dx t , 

J UJ 

and the lower bound in (13.31) follows from Lemma [3. 2[ 

By the mini-max principle (13.51) . and the fact that ipi is real- valued, we get 

£i(p,/3) < / (|V^i| 2 + IWi-F^il 2 ) = ^i(0,/3) +p 2 , 

J UJ 

which gives the upper bound in (13.31) . □ 

Since € w {j3) < 1, and Ei(p, (3) depends analytically on p near the origin, Theorem 13. II 
entails the following 

Corollary 3.3. Let /3 eR. Then we have d p Ei(0,P) = and 

f i = n(P):=^d 2 p E 1 (0,(3)>0, (3.8) 

i.e. at the origin there exists an effective mass. As a corollary, 

E 1 (p,P)=E 1 (0,P)+ f i(P)p 2 + O(p 3 ), p^O. (3.9) 
Moreover, for each p G R, p ^ 0, and {3 G K. we have Ei(p, (3) > Ei(0, (3). 
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4 Eigenvalue Asymptotics for the Dirichlet Lapla- 
cian with Non-Constant Twisting 

4.1 Perturbation of the twisting 

In this section the constant parameter (3 > is fixed, and we now consider the case 
where the derivative of the twisting is given by 

9(x 3 ) = (3 - e(x 3 ) , (4.1) 

where the perturbation e G L°°(R) satisfies e(x) > 0, x G R, and Yun x ->± 00 e{x) = 0. By 
( 12.2ft . the operator -ffg_ e can be written as 

ify_ e = H P + W £ , p (4.2) 

where 

W e ,f> := 2/3e «9j + d v e d 3 + d 3 ed v - e 2 d% = -2(3G* G Q - G* G X - G\G Q + G* 2 G 2 , (4.3) 
and 

Gq '■= £ 1 ^ 2 d (f , G\ := 5 1//2 c?3, (?2 := £<9^, 

are the operators defined on D(H l J 2 ) = Hj(f2). Evidently, the operators GjH^ 1 ^ 2 , 
j = 0,1,2, are bounded in L 2 (f2). Due to the Sobolev embedding theorems and the 
fact that e(x) -> as \x\ — > oo, it is easy to see that the operators GjH^ 1 , j = 

0, 1,2, are compact in L 2 (f2). Therefore, the operator H* l ^ 2 W £y pH^ 1 is compact. Since 
the operators B.Jj 2 H x J 2 and, hence, H^ £ H l J 2 are bounded, the resolvent difference 
H7 e — Hp 1 is compact. By Theorem 4, Section 1, Chapter 9], we have 

a css (^_ e ) = a ess (Hp). (4.4) 

Remark 4.1. In a completely different context, a second-order perturbation with de- 
caying coefficients which preserves the essential spectrum, has been considered in [3]. 

Putting together fi~4"j) and (I2T41) . we find that 

a css (Hp-e) = [£,oo) (4.5) 

where £ is defined in ( 12.51) . 

4.2 Main result on the asymptotic distribution of the discrete 
spectrum of Hp- E 

It was shown in [T3] that a local decrease of the twisting induces the existence of at least 
one bound state below £ provided that u is not radially symmetric. In other words, 
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even if e is compactly supported then Hp_ £ has at least one discrete eigenvalue. Here 
we show that there is actually an infinite number of bound states appearing below £ if 
the perturbation e decays sufficiently slowly at infinity, and describe the asymptotics as 
E | £ of the number of bound states less than E. 

We will impose on e one of the following assumptions: 

Assumption 4.2. Suppose that e G C 1 (1R) ; and there exist constants a > and C > 
such that 

0<e(x) <C{l + \x\)- a , 
\e(x)\ < C(l + \x\)- a -\ iGl 

Assumption 4.3. In addition to Assumption ^ -4 suppose that there exists a constant 
L > such that 

lim |x| Q e(x) = L. 

\x\-^oo 

In order to formulate our main result, we need the following notations. Let T be a lin- 
ear self-adjoint operator acting in a given Hilbert space and such that r := inf a ess (T) > 
— oo. Then N(T;t), t G (— oo,r), denotes the number of eigenvalues of T lying on the 
interval (— oo,t), and counted with the multiplicities. 

Theorem 4.4. (i) Suppose that Assumption ^ -3\ holds with a G (0,2). Then we have 

limAi-i/V(W-A) = -A= (2PL\\ SM \\h M )'B(l 1 --l) (4.6) 

where fi is defined in (13.81) . and B is the Euler beta function, 
(ii) Suppose that Assumption \4-3\ holds with a = 2. Then we have 

hm | lnAI- 1 ^.^ - A) = i ||^i(-, 0)|& (w) - . (4.7) 

//, moreover, 2/3 L ||<9^i(-, 0)||£ a ( w ) < f . &en 

A) = 0(1), A 10. (4.8) 
(Hi) Suppose that Assumption ^. %\ holds with a > 2. Then we have (14.81) . 

Remark 4.5. Similarly to the potential perturbation case, the rate of divergence of 
N(H/3^ e ; £ — A) when A [ is determined by the decay rate a of the perturbation. 
The asymptotic coefficients in (14. 6ft and ( 14. 7ft also depend on the limit L, the constant 
/?, and the geometry of the cross-section to through the factor 0)||L2(a>). Note 

that if Wd^ipi^-, 0)|| L 2( W ) = 0, then the asymptotic coefficients in (14. 6p and (14.71) vanish. 
However, in this case Proposition 12. 21 implies that u is a disk centered at the origin. By 
Remark 1 2. 11 then Hq has purely absolutely continuous spectrum for arbitrary 9, and, in 
particular, N(Hp_ £ ] £ — A) = for any A > 0. 
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4.3 Auxiliary results 

This subsection contains some auxiliary results needed for the proof of Theorem 14.41 Let 
Xi and X 2 be two Hilbert spaces. We denote by S^Xi, X 2 ) the class of linear compact 
operators T : X\ —> X 2 . If X\ = X 2 = X, we write S^X) instead of S^X, X). 

Let T = T* E Sooi^X). Denote by Pj(T) the spectral projection of T associated with 
the interval Jcl. For s > set 

n±(s;T) := rank P (S)0o) (±T). 

If T,j = T* E Soo(X), J = 1, 2, then the Weyl inequalities 

n±(si + s 2 , T\ + T 2 ) < n±(si, 7i) + n±(s 2) T 2 ) (4.9) 

hold for si > and s 2 > (see Chapter I, Eq. (1.31)]). 
For T G ^(X^Xa) put 

n*(s;T) :=n + (s 2 ;T*T), s > 0. (4.10) 

If Tj E Soo(Xi, X 2 ), j = 1, 2, then the Ky Fan inequalities 

n*(si + s 2 ,T a + T 2 ) < ^(si,Ti) + n*(s 2 ,T 2 ) (4.11) 

hold for si > and s 2 > (see [SI Chapter I, Eq. (1.32)]). 

Denote by S m (Xi, X 2 ), m G [1, oo), the Schatten-von Neumann classes of linear com- 
pact operators T : X\ — > X 2 for which the norm ||T|| m := (Tr(T*T) m / 2 ) 1/m is finite. If 
T G S m (Xi,X 2 ), m G [1, oo), then the elementary Chebyshev-type inequality 

n^s-T) < s- m \\T\\Z (4.12) 

holds for any s > 0. 

Lemma 4.6. Lei JcK. Assume that G : L 2 (J) — > L 2 (f2) is a bounded operator with 
integral kernel g G L°°(fi x J). Let f E L m (fi), /i G L m (J), witt m G [2, oo). Then the 
operator fGh E S m (L 2 (J),L 2 (Q)) , and the inequality 

||/G«<C7 TO ||/||S„ (n) ||fc||S„ (J) (4.13) 

/ioWs C m = C m (G) := ||G|| m ~ 2 ||5f|| 2 j00(CxJ) . 

Proof. Assume at first that / G L°°(f2), h E L°°(J). Then, evidently, the operator fGh 
is bounded, and we have 

\\fGh\\ < ||G||||/||L-(n)||/i||L«(j). 
Assume now that / G L 2 (f2), h E L 2 (J). Then fGh is Hilbert-Schmidt, and we have 

WfGh\\ 2 < \\g\\^(Q x J)\\f\\^(Q)\\h\\ L 2 {J) . 

Applying a standard bilinear interpolation (see [51 Section 4.4]), we get f)4.13p . □ 
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Remark 4.7. Results similar to Lemma [4.61 are contained in [8] and [23l Lemma 2.3]. 
We include the proof of the lemma just for the convenience of the reader. 

Combining ( 14.121) with ( 14.131) . we obtain the following 

Corollary 4.8. Under the hypotheses of Lemma\4-6\ we have 



n*(s; fGh) < s- m C m \\f\\™ m{n) \\h\\™ m[J) (4.14) 

for each s > 0. 

The following lemma contains standard results on the eigenvalue asymptotics for ID 
Schrodinger operators with decaying attractive potentials. 

Lemma 4.9. Assume that V = V e L°°(IR) satisfies 

\V(x)\ < C(l + |x|)" Q , xGM, (4.15) 
with some constants a > and C > 0. Let h~ > 0, and 

be the ID Schrodinger operator with domain H 2 (M), self-adjoint in L 2 (M). 

(i) Assume that a G (0,2) and there exists a constant I > such that 

lim \x\ a V(x) = I. (4.16) 

|x|— >oo 

Then we have 

lim A- - ' N(H(h, V); -A) = ^-B (-,--- 

(ii) Assume that (14.161) holds with a = 2. Then we have 

7/j moreover, I < then 

N(H(h,V);-\) = 0(l), A|0. (4.17) 
fm^ Suppose that (14.151) /ioWs wift a > 2. T/ien we have again (14.171) . 

The first part of the lemma is quite close to [2H Theorem XIII. 82], the proof of the 
second part can be found in [20], while the third part follows from the result of [241 
Problem 22, Chapter XIII]. 
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4.4 Proof of Theorem 14.41 

The strategy of the proof of Theorem 14.41 is to reduce the problem of the eigenvalue 
asymptotics of Hp_ £ to the one for an effective one- dimensional Schrodinger operator 

where /i is defined in Corollary 13. 3[ and the effective potential is given by 

V eff (x) = 2fi\\d v ,M-M\hi u )<x), x E R. 

Once this is done, we use Lemma [4.91 to conclude the proof. 

The reduction to the one-dimensional problem is rather lengthly and therefore we will 
divide it in several steps. 

4.4.1 Projection on the bottom of the essential spectrum 

Pick 5 > so small that the eigenvalue Ei(p) is simple for p e [—5, 5]. As explained in 
at the end of Section [21 we assume that the mappings [—5, 5] 3 p i— ► E^p) e (0, oo) and 
[—5,5] 3 p i— > i/>i(-;p) £ H 2 (cij) are analytic. 
Introduce the orthogonal projections 

?r(p) := \M-,p))(M-,p)\, pe [-6,5], 

acting in L 2 (u). Denote by xs '■ K {0, 1} the characteristic function of the interval 
(-5,5). Set 

V s := [ Xs(pHp)dp, P = P s := T*V S T. 

Evidently, P is an orthogonal projection acting in L 2 (f2). Put Q = Q$ := I — Ps. Since 
P and Q commute with H^ 1 ^ 2 , they leave Hjjj(fi) invariant. 

Denote by Z\{e) = Zi(e,/3,S) (respectively, Z 2 (e) = Z 2 (e,P,S)) the self-adjoint oper- 
ator generated in the Hilbert space PL 2 (Q) (respectively, in QL 2 (Q)) by the restriction 
onto PHq(Q) (respectively, onto QHj(fi)) of the quadratic form Qp- £ defined in (12.11) . 
Then the mini-max principle implies 

N(Z 1 (e);£-\)<N(H p _ £ -£-\), A > 0. (4.18) 

Pick u G Hjjj(f2) and put v = Pu, w = Qu so that u = v + w. Then we have 

{W e> pu, u) =: r £tP [u} = r £tP [v] + r e> p[w] 

-4pRe(G v, G w) - 2Re(G v 1 G x w) - 2Re(G x v, G w) + 2Re(G 2 v 1 G 2 w) 
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where (•, •) denotes the scalar product in L 2 (f2), and W S) p is the operator defined in 
f l43|) . Next, fix v e (0, 1), and on PD^J 2 ) = PL 2 (Q) define the operators 

G 3 := E W% t G,:=e^' 2 d v d^ G 5 := \e\^ G 6 := ed%. 

Note that the operators GjP, j = 3,4,5,6, are bounded (and compact) in L 2 (f2). Inte- 
grating by parts, we easily find that 

(G v, G w) = - (G 3 v, e^- v) ' 2 w) , {G x v, G w) = - (G 4 v, e {1 ~ v]/2 w) , 

{G v,G lW ) = -(G 4 v,e {1 ~ u)/2 w) - (G 5 v,signe\e\ 1/2 w), (G 2 v,G 2 w) = -(G 6 v,ew). 
Hence, we have 

Qp-M > Qp-M ~J2 I \Gjv\ 2 d^+ Qp- e [w] - [ V(x 3 )k(x)| 2 rfx (4.19) 

where 

V(z) := 4((3 2 + l)e(x) l - v + \e{x)\ + e(x) 2 , xGK. 

Denote by Zf (e) = Z±(e, (3) the self-adjoint operator generated in PL 2 (Q) by the closed 
quadratic form 



Qp- e [v\ - V / |G>| 2 dx, u e PHj(fl). 



i=3 

Similarly, denote by Z^{e) = Z^{e,$) the self-adjoint operator generated in QL 2 (Q) by 
the closed quadratic form 

Qps[w] - I V(x 3 )k(x)| 2 rfx, w e QHj(fi). 

Then, ( I4.19P implies 

N(Hf}- e ;£ -X) <N(Z+(e);S-X)+N(Z+(e);S-X), A > 0. (4.20) 

Since V(x) — > as |x| — * oo, and u; is a bounded domain, we find that the multiplier by 
V is a relative compact perturbation of Hp_ £ . Using this fact and the compactness of 
the resolvent difference H7^ e — Hg 1 , we easily check that the difference of the resolvents 
of the operators Z^ie) and Z 2 (0) is a compact operator. Therefore, 

inf <x ess (Z 2 + (e)) = inf cr ess (Z 2 (0)) = min <^ mmE 2 {p), min£'i(p) \ > £, 

^ pGK \p\>S ) 

and 

N(Z 2 + (e);£-X)=0(l), A I 0, 
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which combined with (I4.20p implies 

N(H p _ E ; £ - A) < N(Z?(e); £ - A) + 0(1), A J 0. (4.21) 
Fix G (0,2/5). Recalling (jOJ) and (Ojl . we get 

Q/3-eN < Q/jH- (2^-77) / |G ^| 2 rfx + ^ 1 f \G lV \ 2 dx+ [ \G 2 v\ 2 dx, vePR^n), 

Jn Jn Jn 

(4.22) 

6 

<W]"£ / |G>| 2 dx> 

Qfi[v]-(2P+Ti) f \G Q v\ 2 d^-7]~ l [ \G lV \ 2 dx-Y] [ \G jV \ 2 d*, v G PHq(Q). (4.23) 
Jn • 3 

Denote by Z[(e) = Z^(e,^,r\) the self-adjoint operator generated in PL 2 (f2) by the 
closed quadratic form 

Qp[v] - (20 - rfi / IGo^prfx + r/- 1 / \G lV \ 2 dx + [ \G 2 v\ 2 dx, v G PHq(Q). 
Jn Jn Jn 

Similarly, denote by ^^(e) = Z^(e,(3,rj) the self-adjoint operator generated in PL 2 (fi) 
by the closed quadratic form 

Qp[v\ - (2/3 + 77) / IGVfdx-rT 1 / IG^prfx-V / |G>| 2 dx, t> G PHj(f2). 
Jn Jn „._„ Jn 

Then fT4T22l) - (QS]) implies 



3=3 



Z+ > Z+, < Zf. (4.24) 

Now estimates (OBjl . (OB . and fl4T24D entail 

iV(Jf - f + A; 0) <N(H p _ £ ;£-\) < N(Z? - £ + \;0) + 0(1), A j 0. (4.25) 

The last equation shows that the eigenvalue asymptotics of Hp_ e is determined by the 
asymptotics of the reduced operator PHp^ s P modulo some error terms. 

4.4.2 Reduction to a one-dimensional problem 

We introduce the operator U : L 2 (— 5, 5) — > PL 2 (Q) which acts on / G L 2 (— 5, 5) as 
follows 

^i(xt,p)f{p) if x t G u, p G (-5,6), 
(Uf)(x t ,x 3 ) :=F*f, f(x t ,p) := { (4.26) 

if x t Euj, p G E\ (-5,5). 
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Then U is a unitary operator and using (14.261) it can be directly verified that 

z--s + x = u(M{\) - (2(3 - 77)r*r + 7 7 - 1 rtr 1 + r* 2 r 2 )u*, 

6 

Z+-e + X = U(M(X) - (2(3 + r,)TlT, - r } - 1 V* 1 V 1 - £ r^f/*, 

i=3 

where M(A) is the multiplier by £ x (p) - £ + A in L 2 (-5, 5), and ^ : L 2 (-5, 5) -> L 2 (fi) 
are integral operators with kernels (27r) -1//2 e ia:3P 7j(x,p), x = (a^, £3) eO, pG (—<5,5), 
defined by 

7o(x,p) := e(x 3 ) 1/2 d ip i; 1 (xt;p), 7i(x,p) := ze(x 3 ) 1/2 ^i(x t ; p)p, 

7 2 (x,p) := e(x 3 )<9^i(^;p), 73(x,p) := £(x 3 ) (1+!/)/2 <9j^i0ri; p), 
7 4 (x,p) := 2£(x 3 ) (1+ ^ )/2 <9^i(x t ;p)p, 7 5 (x,p) := |e(x 3 )| 1/2 ^?/;i(x t ;p), 
7 6 (x,p) := e(x 3 )9j^i(xt;p). 

Then (14.251) implies 

n(m(\) - (2(3 - r/)r*r + v- 1 ^ + r*r 2 ; o) < 

N(Hp- E \ £ - A) < 

6 

N(M(\) - (2(3 + r/)r*r - v" 1 ^! ~ T *j F f> °) + A J- °" ( 42T ) 

Set 

a x (p) :^{E 1 (p)-E + \yy\ A > 0, pe[-<J,<5]. 

Applying the Birman-Schwinger principle, the Weyl inequalities (14. 9p . and definition 
(I4.10p . we find that for each s 6 (0, 1) we have 

n(m(\) - (2(3 - v )r* r + v-'rir, + r 2 r 2 , o) = 

ra+(l; a x ((2(3 - V )T*T - rj^TlT, - T* 2 T 2 )a x ) > 
n,(y/(l + s)/(20-ri); T a x ) - n,(VW2; I> A ) - n*(^/J/2; T 2 a x ), (4.28) 

6 

n(m(\) - (2(3 + v )r* r - tt 1 ^! - ]T r*r- 0) = 

i=3 

6 

n+(i ; a A ((2/3 + r/)r*r + 7 7 - 1 r^r 1 + rFiW) < 

3=3 
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6 

n,(V(i -s)/(2(3 + V ); T a A ) + n,(^/5; T iC l x ) + ^ n*( I> A ). (4.29) 

i=3 

Note that on the right-hand sides of (14.281) and (14.291) there are just linear combinations 
of terms of the form n*(r; r,,a A ) with r > independent of A and j = 0, . . . , 6. The rest 
of the proof of Theorem 14.41 reduces to the asymptotic analysis as A J, of these terms. 
Our aim is to show that only the ones corresponding to the operator To contribute to 
the main asymptotic term of N{Hp- e \ £ — A) as A [ 0. First, we show that 

n„(r;I> A ) = 0(l), A | 0, j = l,4, (4.30) 

for every r > 0. To this end, it suffices to apply (14.141) with J = (—5, 5), /(x) = e(xs) 1 ^ 2 
if j = 1, /(x) = e(x 3 y i+ »V 2 if j = 4, g{x,p) = (2n)- 1 / 2 e^d ip M^p), h(p) = ipa x (p), 
and m G [2, oo) large enough. 

Further, for j = 0,2,3,5,6 we define the operators Tj : L 2 (R) — > L 2 (f2) as integral 
operators whose kernels are obtained by substituting ipi(x t ; 0) for ^i(x t ;p) in the expres- 
sions for the integral kernels of Tj. Denote by Tj t s the restriction of Tj onto L 2 (—5, S). 
Set 

a x (p) = (fip 2 + \y l/2 , peR, A>0. 
Pick s G (0, 1), and bearing in mind (13.91) choose 6 > so small that we have 

(l + sy 1 a x (p)<a x (p)<{l-s)- 1 ax(p), pe[-6,6\, A > 0. (4.31) 

Our next goal is to show that the quantities n*(r; Tjax), r > 0, j = 2, 3, 5, 6, appearing at 
the right-hand sides of (14.281) and (14.291) are bounded under the hypotheses of Theorem 
14.41 (ii) - (iii), and do not contribute to the main asymptotic term as A j of N(Hp_ e \ S — 
A) under the hypotheses of Theorem 14.41 (i). even though in the last case they might not 
be bounded in contrast to the cases j = 1, 4. The upper bound in (14.311) combined with 
the mini-max principle, and the Ky Fan inequalities (14. lip imply 

n*(r; Tja x ) < n*(r(l - s) 2 ; tjd x ) +n*(rs; (Tj -f jiS )a x ), r > 0, j = 2, 3, 5, 6. (4.32) 

It is quite easy to see that 

n*(rs; (T, - f jiS )a x ) = 0(1), A J 0, (4.33) 

for r > and j = 2, 3, 5, 6; for example, if j = 2 it suffices to apply (14.141) with 
/(x) = e(x 3 ), g(x.,p) = (2Try 1/2 e lX3P p~ 1 (d^ 1 (x t ;p) - dtpfafaO)), h(p) = a x (p)p, and 
m G [2, oo) large enough, and if j = 3, 5, 6, the argument is the same with appropriate 
choice of /, g, and h. 

Now, the Birman-Schwinger principle implies that for each r > we have 

n*(r;f\,a A ) = n + (r 2 ; a A f*f\,a A ) = N(H(y/ji, r~ 2 Vj); -A), j = 2,3,5,6, A > 0, 

(4.34) 
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where 7i is the ID Schrodinger operator defined in Lemma 14. 9[ and 

V 2 (x) := WdM-Ml^eix) 2 , V 3 (x) := ||^(.; 0) \\l iu) e(x) 1+v , 

V s (x) := \KM-,0)\\h H \e(x)l V 6 (x) := ||^(.; 0) ||£ a(u) e(x) 2 , x6l 

Assumption 14.21 implies that lim!^-^ |x| Q \^(x) = 0, j = 2,3,5,6. Applying Lemma [4.91 
to the counting function A r (7i( v /7i, r~ 2 Vj); —A), and putting together (14.321) - (14.341) . we 
obtain that for j = 2, 3, 5, 6, and r > 0, we have 

{o(A5"q) if Assumption 14.31 holds with a 6 (0,2), 
0(1) = o(| In A|) if Assumption S3] holds with a = 2, (4.35) 
0(1) if Assumption S21 holds with a > 2, 

as A | 0. 

4.4.3 Eigenvalue asymptotics for the one-dimensional operator 

Finally, we will show that the quantities n*(r; Toa\), r > 0, on the right-hand sides 
of (I4.28P and (I4.29p . generate the main asymptotic term as A j of N(Hp_ £ ;£ — A) 
under the hypotheses of Theorem 14.41 (i) - (ii), or are bounded under the hypotheses of 
Theorem 14.41 (iii) . Similarly to ()4.32|) . the estimates (I4.3ip . combined with the mini-max 
principle, and the Ky Fan inequalities (14. lip imply 

n*(r(l + s) 3 ; f a A ) - n*(rs(l + s) 2 ; f a x w s ) - n*(rs; (r - f 0)5 )a A ) < 

n*(r; r a A ) < ra*(r(l - s) 2 ; f a A ) + n*(rs; (r - f 0)< s)a A ), r > 0, (4.36) 

where : R — > {0, 1} denotes the characteristic function of the set M. \ (—5, S). 
By analogy with (14.331) . we find that 

n + (r;(r -f 0lJ )a A )=O(l), A j 0, r > 0. (4.37) 

Further, applying (14.141) with 

J = R, /(x) = e(x 3 ) 1/2 , s(x,p) = (27r)- 1 / 2 e^^i(x t ;0), h(p) = a x (p)w s (p), 

and m G [2, oo) large enough, we get 

n*(r; f fi A u> 5 ) = 0(1), A | 0, r > 0. (4.38) 

The Birman-Schwinger principle implies that for each r > we have 

n*(r; f a A ) = n+(r 2 ; fi A f*f a A ) = N(H{yffl, r~ 2 V )- -A), A > 0, (4.39) 

where TC is the ID Schrodinger operator defined in Lemma [4. 9[ and 

V (x) :=||^i(-;0)|| 2 2H e(x). 
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Applying Lemma [4.91 and bearing in mind (I4.36j) - (14.381) . we find that 

r ^ ( v ^ 2(^ 2 ||^ 1 (-;0)1I^)^ D ^3 1 1\ 

aJo n * (r; = na^H B U' « " 2 J ■ (4 - 40) 



if Assumption 14.31 with a G (0, 2) holds true, 



1 f r-^M-Mlh^L 1 



1/2 



lim |lnA|-V(r;r a A ) = - - 7 , (4.41) 

a|o 7r y /i 4y 

if Assumption 14.31 with a = 2 holds true, and 

n*(r;r a A ) = O(l), A | 0, (4.42) 

if Assumption H~2l holds true with a > 2. If, moreover, Assumption 14.31 holds with a = 2, 
and r- 2 ||,VM-;0)||2 2H L < f, then we have QOSJ. 

Since the numbers s G (0, 1) and r\ G (0, 2(3) in (I4.28[) - (I4.29p could be chosen ar- 
bitrarily small, we find that KT!\ - (ICTj) . (jQ5]| . (I4T36D . flODD - (Q21> imply that 
under the appropriate assumptions of Theorem 14.41 asymptotic relations (]4.6p . (14. 7p . or 
781) hold true. 
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